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TOPIC 11: Lines

A linear equation in two variables is an equation that can be expressed in the
form

axt+hy=c

where a, b, and c are real numbers and a and b are not both zero. A solution of alinear
equation in two variables is an ordered pair of numbers (X, y) that makes the equation
true. For example, the ordered pair (1, 4) isa solution of the linear equation 4x + 2y = 12,
because 4(1) +2(4)=4+8=12.

We can graph alinear equation in two variables by finding solutions of the
equation and plotting the corresponding ordered pairs on a rectangular coordinate system.
It can be shown that the graph of a linear equation in two variablesis always a straight
line. Inthis case we say thereisalinear relationship between x and y.

Examplel: Graph4x + 2y =12.
We already know that (1, 4) is a solution of the equation. To find other

solutions we can choose values for one variable and find the
corresponding values of the other. For example, if x = 0 then:

4 + 2y =12
4:0+2y =12
2y =12
y=6

This shows that (0, 6) is a solution of the equation (Why?). In asimilar
manner we can show (3, 0) isasolution. Thegraph of 4x + 2y =12is

shown below.
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We can see that each solution of the equation 4x + 2y = 12 determines a
point on the line. Conversely, each point on the line represents a solution
of the equation.
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Notice that the graph of 4x + 2y = 12 crosses the y-axis at the point (0, 6). This
point isthe y-intercept of the graph. Similarly, the point (3, 0) is the x-intercept of the
graph.

If we solve the equation 4x + 2y = 12 for y, we obtain y = -2x + 6. We can now
find solutions by choosing values for x and finding the corresponding values of y. A
convenient way to record solutions of the equation y = —2x + 6 isto make atable of
values:

X 0 1 2 3
y=-2X+6 6 4 2 0

The ordered pair (2, 2) isasolution of y =—2x + 6 because if x = 2 then
y=-2(+6=-4+6=2.

For exercises 1-6, make atable of values, graph the linear equation, and find the
intercepts.
1. 2x+8y=24 2. x-3y=6 3. y=4x

4. x+y=-5 5. y:gx+1 6. x+3y=0

One important feature of alineisits dope. The slope m of aline containing the
points P (x,, y,)and Q(X,, ¥,) isgiven by

m=dEgeiny _¥,- v
change in X X, - X

The dope of alineistheratio of the change in y (called the rise) to the change in x
(called the run) between any two points P and Q on the line. See the figure below.

Y ou can think of slope as a number that measures the “ steepness’ of aline.
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Example2:  Find the dope of theline 4x + 2y = 12.

We can choose any two points on the line to find the slope. If we choose
(O, 6) asthefirst point and (1, 4) as the second point, the dopeis

Any pair of points on the line would give the same slope.

Another way to understand the slope of the line 4x + 2y = 12 isto look at the table
of values above for the equation y = —2x + 6. Notice that the y-values decrease by 2

cengeiny _-2 o
changeinx 1

slope of a line indicates the change in y when x increases by one. Thus the slope of aline
istheratethat y is changing with respect to x.

when the x-valuesincrease by 1, so the lope of thelineis m= e

Example3:  Suppose you set the cruise control on your car to 55 mph. This means that
you are traveling at a constant speed of 55 mph. Using the distance

formula d = rxt, we have d = 55t, where d represents the distance traveled
in miles after t hours. What is the slope of the line d = 55t?

We make atable of values and determine the rate at which distanceis
changing with respect to time:

t (hours) 0 1 2 3
d = 55t (miles) 0 55 110 165

We see that distance increases by 55 miles when time increases by 1 hour,
change |.n d _ 55 miles = 55mph .

change int 1 hour

7. For theline4x + 2y = 12 in Example 2 above:

a. Find the dope of the lineif the first point is (1, 4) and the second point is (0, 6).
b. Find the dope of the line if the first point is (1, 4) and the second point is (2, 2).

sothesdope m=

For exercises 8-13, find the dlope of the line using the table of values created in exercises
1-6.
8. 2x+8y =24 9. x-3y=6 10. y=4x

11. x+y=-5 12. y=§x+1 13. x+3y=0
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14.

15.

16.

17.

18.

19.

The cost C, in dollars, of aone-day truck rental is given by the linear equation

C =0.3d + 60, whered is the distance driven in miles.

a Graphtheliney=0.3x + 60. Isthegraph of C =0.3d +60 (put C on the y-axis
and d on the x-axis) the same as the graph of y=0.3x + 60 ? Explain.

b. What isthedopeof C =0.3d +60? Interpret your answer as arate.

c. What isthe y-intercept of C =0.3d +60? Explain your answer in terms
of cost and miles driven.

d. If it costs $240 to rent the truck for one day, how far wasit driven?

Suppose the recommended heart rate for a healthy person when exercising is given

by the linear equation y =172- 0.75x, wherey is the heart rate in beats per minute

X isthe age of the person in years.

a Graphtheline y =172- 0.75x.

b. What isthe dope of the line? Interpret your answer as arate.

c. If aperson’srecommended heart rate is 142 beats per minute today, what heart
rate would be recommended three years from today?

The equation of ahorizontal lineisgiven by y = b, where b is a rea number.
a. Find three points on the horizontal liney = 5 and graph the line.

b. What isthe dope of the line?

c. Does every horizontal line have the same dlope? Explain.

The equation of a vertical lineisgiven by x = a, wherea is areal number.
a. Find three points on the vertical line x = -2 and graph the line.

b. What is the dope of the line? Explain your answer.

¢. What can you conclude about the dlope of any vertical line?

Use your graphing calculator to compare the graphs of y = mx for

m=0.5,1, 2 and 4. Start by graphingy = 0.5x. Pressthe key and type in 0.5x
(usethe key to enter the variable x). Then press the key. To
graph the next equation, y = X, pressthe key, scroll down to the next line (the one

that begins with Y»>=), and proceed as above. Continue until you have graphed all
four equations. Which line rises most rapidly? Which line has the greatest slope?

Use your graphing calculator to compare the graphs of y = mx for

m=-0.5, -1, -2, and 4. Which line falls most rapidly? Which line has the
smallest dope?
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